TIMELIKE SURFACES WITH ZERO MEAN CURVATURE IN 

MINKOWSKI 4-SPACE 



GEORGI GANCHEV AND VELICHKA MILOUSHEVA 



Abstract. On any timelike surface with zero mean curvature in the four-dimensional 
Minkowski space we introduce special geometric (canonical) parameters and prove that 
the Gauss curvature and the normal curvature of the surface satisfy a system of two nat- 
ural partial differential equations. Conversely, any two solutions to this system determine 
a unique (up to a motion) timelike surface with zero mean curvature so that the given pa- 
rameters are canonical. We find all timelike surfaces with zero mean curvature in the class 
of rotational surfaces of Moore type. These examples give rise to a one-parameter family of 
solutions to the system of natural partial differential equations describing timelike surfaces 
with zero mean curvature. 



Studying minimal surfaces in the four- dimensional Euclidean space M^, Itoh proved 
in |H] that any minimal non-superconformal surface admits locally special isothermal 
parameters. On the base of this result, de Azevero Tribuzy and Guadalupe proved in |2| the 
following: 

The Gauss curvature K and the curvature of the normal connection k (the normal 
curvature) of a minimal non-superconformal surface, parameterized by special isothermal 
parameters, satisfy the following system of partial differential equations: 



Conversely, any solution (K, x) to system ([T]) determines uniquely (up to a motion in M^) 
a minimal non-superconformal surface with Gauss curvature K and normal curvature h. 

In the present paper we study the local theory of timelike surfaces with zero mean 
curvature in the four- dimensional Minkowski space R^. 

In Section [3] we introduce (Theorem I3.4p special isothermal parameters (canonical 
parameters) on any timelike surface with zero mean curvature free of fiat points and clear 
the geometric nature of these parameters. 

Using Theorem 13.41 we prove the fundamental Theorem 15.11 which states as follows: 

Let he a timelike surface with zero mean curvature free of flat points. If is 
parameterized by canonical parameters, then the Gauss curvature K and the normal curvature 
X satisfy the system of natural partial differential equations: 



1. Introduction 



(1) 




{K^ + x^) 4 A'^ ln(ir2 + x^) 8 = K- 
{K"^ + x^)^ a'' arctan ^ = 2x. 
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Conversely, any solution (K, x) to the above system, determines a unique (up to 
a motion in W^) timelike surface with zero mean curvature free of flat points with Gauss 
curvature K and normal curvature x. Moreover the given parameters are canonical for this 
surface. 

In order to apply the above results, we consider the class of timelike rotational surfaces 
of Moore type. In Section H] we find the meridian curves of all timelike rotational surfaces of 
Moore type with zero mean curvature. We note that for this class of surfaces the functions 
K and x are only functions of one variable. 

In the last section we make a survey of the background systems of partial differential 
equations describing surfaces with zero mean curvature in or M.\. These systems written 
in canonical form are given below: 



Surfaces with zero mean curvature: 



surfaces in 


spacelike surfaces in M.f 


timelike surfaces in M.f 


AX = 2e^ cosh Y 
AY = 2e^ sinh Y 


AX = 2e^ cos Y 
AY = 2e^ sin Y 


A'^X = 2e^ cosy 
^hy = 2e^ sin Y 



2. Preliminaries 

Let be the four- dimensional Minkowski space endowed with the metric (,) of sig- 
nature (3, 1) and 061626364 be a fixed orthonormal coordinate system in M^, i.e. g\ = e\ = 
63 = 1, 6| = —1, giving the orientation of M^. The standard flat metric is given in local 
coordinates by dxl + dx\ + dx\ — dx\. 

A surface in is said to be spacelike if (, ) induces a Riemannian metric g on M^. 
Thus at each point p of a spacelike surface we have the following decomposition 

= TpM^ © NpM^ 

with the property that the restriction of the metric (,) onto the tangent space TpM"^ is 
of signature (2,0), and the restriction of the metric (, ) onto the normal space NpM^ is of 
signature (1,1). 

A surface in M.f is said to be timelike if the induced metric g on is a metric with 
index 1, i.e. at each point p of a timelike surface we have the following decomposition 

= TpM"^ © NpM^ 

with the property that the restriction of the metric (,) onto the tangent space TpM"^ is 
of signature (1, 1), and the restriction of the metric (,) onto the normal space NpM"^ is of 
signature (2, 0). 

Denote by V and V the Levi Civita connections on M-f and M^, respectively. Let x and 
y denote vector fields tangent to M and let ^ be a normal vector field. Then the formulas of 
Gauss and Weingarten give decompositions of the vector fields V^y and V^^ into a tangent 
and a normal component: 

^'xV = ^xy + (T{x,y); 

which define the second fundamental tensor cr, the normal connection D and the shape 
operator with respect to ^. The mean curvature vector field H of the surface is 
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defined as H = 2 Thus, if is a spacelike surface and {x,y} is a local orthonormal 
frame of the tangent bundle, the mean curvature vector field is H = -{a{x,x) + (7{y,y)). If 

is timelike, then H = - {—a{x, x) + a{y, y)), where {x, y} is a local orthonormal frame 

of the tangent bundle such that {x,x) = —1, {y,y) = 1. 

We shall study timelike surfaces with zero mean curvature, i.e. H = at each point. 

3. Fundamental theorem for timelike surfaces with zero mean curvature 

In the local theory of surfaces in Euclidean space a statement of significant impor- 
tance is a theorem of Bonnet-type giving the natural conditions under which the surface 
is determined up to a motion. In this section we shall introduce canonical parameters on 
each timelike surface free of fiat points with H = and using the canonical parameters we 
shall prove a fundamental theorem of Bonnet-type for the class of timelike surfaces with zero 
mean curvature free of flat points. 

Let : z = z{u,v), {u,v) T) {T> C M^) be a local parametrization on a timelike 
surface in M^. The tangent space at an arbitrary point p = z{u,v) of is TpM"^ = 
spaia{zu, Zy}. We assume that {zu,Zu) < 0, {z^^z^) > 0. Hence, E{u,v) < 0, G{u,v) > 
and we set W = ^ —EG + F^. We choose an orthonormal frame field {ei, 62} of the normal 
bundle, i.e. (ei,ei) = 1, (62,62) = 1, (61,62) = 0. Then we have the following derivative 
formulas: 

^Zu^M ~ ^MM ~ ■'^ll "I" ^ \\ "I" 61 + 62; 

^ Zu^"" ~ ^™ ~ "^^12 ~^ -^12 ~l" 6^2 61 + C^2 ^2; 
Zv^y ~ ^vv = ~^22 + 1^22 + C22 61 + C22 62, 

where F^- are the Christoffel's symbols and the functions cf-, i, j,k = 1,2 are given by 







ei); 


^11 — 


{Zuu, 62) 


^12 — 




ei); 


- 

•-12 ~ 


{Zuv, 62) 






ei); 


^-22 ~ 


{^vv, 62) 



Obviously, the surface lies in a 2-plane if and only if is totally geodesic, i.e. 
c^j = 0, k = 1,2. So, we assume that at least one of the coefficients cf^- is not zero. 
Let us consider the following determinants 

.1 „i 

12 ^-22 

,2 „2 
12 '-22 

The condition Ai = A2 = A3 = characterizes points at which the space {(t{x, y) : x,y & 
TpM^} is one-dimensional. In [3], and |S] we called such points flat points of the surface. 
These points are analogous to flat points in the theory of surfaces in M^. In |9] and [10] 
such points are called inflection points. The notion of an inflection point is introduced for 
2-dimensional surfaces in a 4-dimensional affine space A"^. E. Lane |9] has shown that every 
point of a surface in is an inflection point if and only if the surface is developable or 
lies in a 3-dimensional space. Further we consider timelike surfaces free of flat points, i.e. 
(Ai,A2,A3)7^(0,0,0). 



Ai 



'11 



'11 



'12 



'12 



A, 



'11 



'11 



-22 



-22 



A, 
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Let : z = z{u,v), {u,v) G X' be a timelike surface free of flat points with zero 
mean curvature, i.e. i/ = at each point. Without loss of generality we assume that the 

parametrization is orthogonal {F = 0) and denote the unit vector fields x = , y 



VG 

The mean curvature vector field is H = - (— cr(x, x) + a{y, y)). Since H = then a{x, x) = 
a{y,y) and we have the following decompositions: 

a{x, x) = aei + he2] 
a{x, y) = cei + de2] 
(^iy,y) = aei + 6e2; 

where a, b, c, d are functions on M^. The assumption that is free of flat points implies 
a2 + 62^0, c^ + rfVO, ad-bc^O. 

Let {x, y} be another orthonormal tangent frame fleld, given by 

X = cosh (px + sinh tp y, 

y = sinh Lpx + cosh (/? y. 

Then the corresponding functions a, b, c, d are expressed as follows: 

a = a cosh 2(f + c sinh 2(f, b = b cosh 2(f + d sinh 2lp, 

c = a sinh 2<^ + c cosh 2lp, d = b sinh 2(^9 + c? cosh 2if. 

We shall flnd a local orthonormal tangent frame fleld {x,y}, deflned in Vq C V, such 
that (cr(x, x), a(x,y)) = 0, or equivalently ac + bd = 0. 
Equalities ([2]) imply 

(j2 _j_ ^2 _j_ ^2 _j_ ^2 

(3) a c + f)d = (ac + f)d) cosh 4ip H ^ sinh 4(p. 

liac + bd = for all {u,v) G P then {(7{x,x),a{x,y)) = at each point of the 
surface. Ifac + 6(i7^0at the point (tto,fo) G 1^, then there exists Vq C V {{uo,vo) G X'o), 

such that a c + 6(i 7^ for all (u,v) G Vq. We denote ^4 = — - — ^ ^ . Then 

(2 -j- 6 ~t~ c ~t~ d 

A - 1 = f- ^ ^; A+1 = ^- f- \- Smce is free of flat pomts 

+ ¥ + + d^ a-^ + ¥ + + d'^ 

—1<A<1,A^0 for [u, v) G Vq. Hence, there exists a function tp such that tanh4(^ = A. 

Then from ([3]) it follows that ac + bd = 0, i.e. {a{x,x),a{x,y)) = 0. 

Finally we obtain that at any point of a timelike surface free of flat points with H = 

we can introduce a special tangent frame fleld {x, y} and a special normal frame field {rii, 712}, 

such that 

a{x, x) = V rii] 

(4) (^{x,y)= /ina; 

(^iy,y) = ^ni, 

where z/ = {a{x, x),ni) , n = {a{x,y),n2) ■ Since is free of flat points, ufi 7^ 0. 

The tangent directions determined by the tangent vector flelds x and y we call canonical 
directions of the surface. The canonical directions are uniquely determined at any point of 
a timelike surface with H = free of flat points. Obviously, the normal frame fleld {ni,n2} 
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is also uniquely determined by the canonical tangents, and the functions z/, fi are geometric 
functions (invariants) of the surface. We call this orthonormal frame field 77,1,712} the 
geometric frame field of M^. 

With respect to the geometric frame field {x, y, 7ii, 722} we have the following Frenet- 
type derivative formulas of M^: 



(5) 



V^x = 7i?/+z/77i; W,^ni = i^x + I3in2; 

V^x = -72 7/ + fin2; V>2 = -fiy - piUi, 



where 71 = 7/(ln\/^), 72 = -x{\ny/G), /3i = (V>i,7i2), /32 = (V^?^i,r72)- 

We shall use the following terminology: the integral lines of the canonical tangent 
directions are said to be the canonical lines; any parameters {u, v) of generating canonical 
parametric lines are said to be semi- canonical parameters. It is clear that semi- canonical 
parameters are determined up to changes of the following form: u = u{u), v = v{v) or 
u = u{v), V = v{u). 

The functions u, /i, 71, 72, [52 in the Frenet-type formulas ([5]) are invariants of the 
surface determined by the canonical tangent directions. 

Using the Gauss and Codazzi equations from ([5]) we obtain the following equalities for 
the invariants of M^: 

2/U72 + Z//32 = x{n), 
-2/i7i + y[5i = y{fi), 
21/72 - Ai/32 = x(i^), 

(6) 

-2z/7i - fi(3i= y{iy), 

zy2 _ ^2 ^ a;(72) + 7/(71) + 7? - 72^ 

2z//x = x{l32) - 7/(^1) - 71 /3i - 72 132- 

The Gauss curvature of is K = {a{x,x),a{y,y)) — {a{x,y),a{x,y)). Hence, using 
(HD we get 

(7) K = u^- ii\ 

Proposition 3.1. Let he a timelike surface with zero mean curvature free of flat points. 
Then at each point of the surface the Gauss curvature K is non-zero. 

Proof: Suppose that X = 0, i.e. /i^ = y"^. From the first four equalities of ([6]) we get 
1^1 = 1^2 = 0. Then the last equality of ([6]) implies y^i = 0, which contradicts the assumption 
that is free of fiat points. □ 

The curvature of the normal connection (the normal curvature) of is given by the 
formula x = {R^{x,y)n2,ni) , where R^{x,y) stands for the normal curvature operator: 

R^{X, y) = D^Dy - DyD^ - D[^^y]. 

Using ([5]) and we obtain that 

(8) X = -2ufi. 
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Note that z//i 7^ since is free of flat points. Tlius the following statement holds 

true. 

Proposition 3.2. Let be a timelike surface with zero mean curvature free of flat points. 
Then at each point of the surface the curvature of the normal connection x is non-zero. 

Using that i^^ ^ fi^ from (E]) it follows that 7^ + 72 0, /3f + ^ 0. 

Now we shall introduce canonical parameters on each timelike surface with zero mean 
curvature free of fiat points. 

Definition 3.3. Let be a timelike surface with zero mean curvature free of fiat points 
and {u, v) be semi-canonical parameters. The parameters {u, v) are said to be canonical, if 

E = , ^ ; F = 0; G ^ 



a/^2 _^ 2y2 ' ' + Z/2 

The canonical parameters are special isothermal parameters of the surface. 

Theorem 3.4. Any timelike surface with zero mean curvature free of flat points locally 
admits canonical parameters. 

Proof: Let be a timelike surface with H = free of fiat points. We assume that 
is parameterized by semi-canonical parameters {u,v). From equalities ([6]), using that 
Zu = y/—E X, z^ = \/G y, we get 

On the other hand, 71 = y{\n = (in v^^) , 72 = -a;(ln VG) = (in Vg 

Hence, 

|(ln(i?V + -^)))=0; |^(ln(GV + -^)))=0, 

which imply that E^ /x^ + z/2 does not depend on v, and Ga/ [f^ + does not depend on u. 
Hence, there exist functions ^{u) > and i/j{v) > 0, such that 

-E^/fi^ + u^ = ifiu); G^/fi^ + u^ = ^{v). 
Under the following change of the parameters: 

u = 



a/ Lp{u) du + Mo, Uq = const 
V = a/ ip{v) dv + Vq, Vq = const 



vo 



we obtain 



E = , ^ ; F = 0; G ^ 



A//i2 + 1/2 ' ' + Z/2 ' 

i.e. the parameters (u,v) are canonical. □ 

Now let : z = z{u,v), {u,v) G P be a timelike surface with H = free of fiat 
points and [u, v) be canonical parameters, i.e. 

E = , ^ ; F = 0; G= ^ 



TIMELIKE SURFACES WITH ZERO MEAN CURVATURE IN MINKOWSKI 4-SPACE 

Then the functions 71, 72, /?i and fi-^ are expressed as follows: 



71 



/?! = + z/^) 4 ( arctan - 



1^2 = (/i^ + /^^)^ (arctan - ) . 



The last two equalities of ([6]) imply the following partial differential equations: 

(/i^ + z/^)^ A'' arctan - = 2z//i, 



(9) 

where A'^ 



2 2 
z/ - ^ ; 



is the hyperbolic Laplace operator. 



Now we shall prove the fundamental theorem of Bonnet-type for the class of timelike 
surfaces with zero mean curvature free of flat points. 

Theorem 3.5. Let iJ,{u, v) and p{u^ v) he two smooth functions, defined in a domain "D, P C 
M^; and satisfying the conditions 



/il/ 7^ 0, - zy2 _^ 0; 

(/i2 + zy2)U^ln(^2^^2)i 
(/i^ + A^ arctan - = 2z//i. 



2 2 



Let {xq, yo, {ni)o, (^^2)0} be an orthonormal frame at a point pq G such that xq is timelike 
andyo, (ni)o, (^2)0 are spacelike. Then there exist a subdomainVo C V and a unique timelike 
surface : z = z{u,v), {u,v) G Vq, Vq C V with zero mean curvature free of flat points, 
such that passes through po, the functions z/(m, v), v) are the geometric functions of 
and {xq, yo, (ni)o, (^2)0} is the geometric frame of M"^ at the point po. Furthermore, 
{u,v) are canonical parameters of M"^ . 



Proof: Let us denote E = — (//^ + ly"^) 2 ■ G = {fi'^ + i/"^) 2; 71 = — ^(/U,^ + i^^)^^ ; 72 = 
((//^ + z/^)^) ; j3i = (/i^ + z/^)3 (arctan-) ; /32 = {jj^ + u"^)^ (arctan-) . We consider 



the following system of partial differential equations for the unknown vector functions x 
x{u, v), y = y{u, v), ni = ni{u, v), n2 = n2{u, v) in R^: 

^722/ + VG jj.n2 
^ 72 s + \/G V n\ 
^iyy + VGl32n2 



(10) 



x^ 

Vu 



\/—E 7i ?/ + \/—E V 77-1 



\/-E 7i x + \/-E 11 712 
(ni)„ = vx^ ^T-E /3i 712 



Vv = - 

{n2)v 



G jj,x — VG j32 ni 



We denote 

f X \ 

y 

Hi 

\n2 J 



Z 



A = 



/ 71 
71 

V 

\ 







V 




-A 



\ 
/ 



B 



1 





—72 







\ 




-72 





V 












— V 





/32 




V 


11 





-/32 





/ 
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Then system ffTOl) can be rewritten in the form: 
The integrabihty conditions of flTT]) are 

7 —7 

i.e. 

(12) |f-|f + EK^-^14) = 0' a = i,...,4, 

where and are the elements of the matrices A and B. Using the expressions of 
i?, G, 7i, 72, /?!, /32 in terms of /i, v and equahties (E]) we obtain that the integrabihty con- 
ditions f|T2|) are fulfiUed. Hence, there exist a subset C P and unique vector functions 
X = x{u,v), y = y{u,v), ni = ni{u,v), n2 = n2{u,v), {u,v) G Pi, which satisfy system f lTO|) 
and the initial conditions 

x{uo,vq) = xq, y{uQ,vo) = yo, ni{uo,vo) = (ni)o, n2{uo,vo) = (^2)0- 

We shall prove that x{u, v), y{u, v), ni{u, v), n2{u, v) form an orthonormal frame in M.f 
for each (m, v) eVi. Let us consider the following functions: 

V?i = (x,x) + 1; ip5 = {x,y); ip8 = {y,ni); 

^2 = {y,y)-l; ip6 = {x,ni); ipg = {y,n2); 

(P3 = (ni, ni) - 1; Lfj = (x, 712); tpw = (ni, 712); 

= (712,712) - 1; 

defined for each {u,v) E Vi. Using that x{u,v), y{u,v), ni{u,v), n2{u,v) satisfy (ITOj) . we 
obtain the system 

(13) a^. ^, ^ = i,...,io, 

where al, j = 1, . . . , 10 are functions of {u, v) G Vi. System (fT3l) is a linear system of 
partial differential equations for the functions ipi{u, v), i = 1, . . . , 10, {u, v) G Pi, satisfying 
iPi{uo,Vo) = 0, i = 1, . . . , 10. Hence, ipi{u,v) = 0, i = 1, . . . , 10 for each {u,v) G Vi. 
Consequently, the vector functions x{u,v), y{u,v), ni{u,v), n2{u,v) form an orthonormal 
frame in for each {u,v) G Pi. 

Now, let us consider the system 



Zu = \/—E X 

= 

of partial differential equations for the vector function z{u, v). Using that x{u, v) and y{u, v) 
satisfy (fTOj) we get that the integrabihty conditions Zuv = z^u of system f|T4|) are fulfilled. 
Hence, there exist a subset Vq C Pi and a unique vector function z = z{u,v), defined for 
(«, v) G Po and satisfying z{uo, vq) = po. 
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Consequently, the surface : z = z{u,v), {u,v) G Vq satisfies the assertion of the 
theorem. □ 

The meaning of Theorem 13.51 is that any timelike surface with H = free of fiat points 
is determined up to a motion in M.f by two invariant functions satisfying the system of natural 
partial differential equations @. 

4. Rotational surfaces of Moore type with zero mean curvature 

Considering general rotations in the Euclidean space M.'^, in [H] C. Moore introduced 
general rotational surfaces as follows. Let m : x{u) = {x^{u), x'^{u),x^{u),x^{u)) ; m G J C M 
be a smooth curve in M^, and a, j3 be constants. A general rotation of the meridian curve 
m in is given by 

X{u,v) = {X\u,v),X\u,v),X\u,v),X\u,v)) , 

where 

X^{u, v) = x^{u) cosav — x'^{u) sina^;; X^{u, v) = x^{u) cos /3v — x'^^u) sin ; 

X'^{u, v) = x^{u) sin av + x'^{u) cos av; X'^{u, v) = x^{u) sin I3v + x^{u) cos /3f . 

In the case /? = the X'^X^-plane is fixed and one gets the classical rotation about a fixed 
two-dimensional axis. 

In [13] we considered a surface A4 in M^, defined by the vector- valued function 

z{u,v) = (/(m) cos av, f{u) sin av, g{u) cos Pv, g{u) sin (5v) ; u E J C M., v E [0; 2n) , 

where /(m) and g{u) are smooth functions, s&tisfjmg a'^f'^{u)+f3'^g^{u) > 0, f''^{u)+g''^{u) > 
0, w G J, and a, 13 are positive constants, a ^ (5. The surface is a general rotational 
surface whose meridians lie in two-dimensional planes. In this case the meridian is given 
by m : x{u) = {f{u),0,g{u),0)] m G J C M. We found all minimal superconformal general 
rotational surfaces in |13] . 

Now let m : x{u) = {x^{u),x^{u),x^{u),x'^{u)) ; G J C M be a spacelike or timelike 
curve in the Minkowski space M^. We assume that m is parametrized by the arclength and 
denote (x^)^ -|- (i;^)^ -|- {x^y — {x^)"^ = e, where e = 1 if c is spacelike and e = — 1 if c is 
timelike. Using the idea of Moore we consider the surface A4 given by 

M : X{u,v) = {X\u,v),X\u,v),X%u,v),X\u,v)) , 

where 

X^{u, v) = x^{u) cos av — x'^{u) sinav; X^{u, v) = x^{u) cosh/^t) -|- sinh ^v; 

X^(ii, v) = x^{u) sinaf -|- cos av; X*{u, v) = x^{u) sinh (3v + x*{u) cosh (3v, 

a, (5 are constants. This surface can be considered as rotational surface of Moore type in 
obtained by the meridian curve m. 

Note that if /3 = 0, a = 1 and x'^{u) = (or x^{u) = 0), one gets the surface 

z{u,v) = (^x^{u) cos v,x^{u) sin v,x^{u),x'^{u)^ ] u E J, wG[0;27r). 

This is a surface obtained by the rotation of the meridian curve about the two-dimensional 
Lorentz plane 06364. It is called a rotational surface of elliptic type. A local classification 
of spacelike surfaces in M^, which are invariant under spacelike rotations, and with mean 
curvature vector either vanishing or lightlike, is obtained in [7]. 
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If a = 0, /3 = 1 and x^{u) = (or x^{u) = 0) one gets a rotational surface of hyperbolic 

type: 



It is an orbit of a smooth curve under the action of the orthogonal transformations of M.f 
which leave the spacelike plane Oeie2 point-wise fixed. A local classification of spacelike 
rotational surfaces of hyperbolic type with vanishing or lightlike mean curvature vector field 
is given in [B]. A classification of all timelike and spacelike hyperbolic rotational surfaces 
with non-zero constant mean curvature in the three-dimensional de Sitter space §^ is given 
in [TT1|. Similarly, a classification of the spacelike and timelike Weingarten rotational surfaces 
m is found in |I2]. 

In |5] we considered a special class of spacelike surfaces in the Minkowski space 
parameterized by 



V G [0;27r), and a, (3 are positive constants, a ^ 13. These surfaces are rotational surfaces 
of Moore type obtained by the meridian curve m : x{u) = {f{u),0,g{u),0) lying in the 
two-dimensional plane Ocie^. 

Now we shall consider rotational surfaces of Moore type in obtained by the meridian 
curve m : x{u) = (/(«), 0, 0, g{u)) lying in the Lorentz plane Ocie^. The rotational surface is 
spacelike if the meridian m is spacelike, and the rotational surface is timelike if m is timelike. 
We shall consider the timelike case and we shall find all timelike rotational surface of Moore 
type with zero mean curvature. 

Let A^2 be the surface parameterized by 

(15) A^2 : z{u, v) = (/(w) cos av, f{u) sin av, g{u) sinh (3v, g{u) cosh j3v) , 

where f{u) and g{u) are smooth functions, satisfying 



z{u,v) = [x^{u), x'^{u), x^{u) sink V, x'^{u) cosh v) ; u E J, G M. 



M.I : z{u, v) = (/(tt) cos av, f{u) sin av, g{u) cosh j3v, g{u) sinh j3v) 
where f{u) and g{u) are smooth functions, satisfying 

a^f\u) - (3^g^{u) > 0, f'\u) +g'\u)>0, ueJcR, 



f'^u) - g'^u) <0, a^f^u) + (3^g\u) > 0, ueJcR, 

V G [0; 27r), and a, [3 are positive constants, a ^ (3. 

The coefficients of the first fundamental form of A^2 are 




We consider the following normal frame field of A^2: 




We have that {ni,ni) = 1, {n2,n2) = 1, {ni,n2) = 0. Denoting x 



"a 



I 2 



, y = 



■V 



, we obtain geometric frame field {x, y, ni, n2}- 
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The mean curvature vector field H oi A4.2 is given by the following formula: 

rr 1 ( 9'f" - f'g" a'fg' + P'gf \ 

H = - \ o- = ni. 

Hence, A^2 has zero mean curvature (if = 0) if and only if the functions f{u) and g{u) 
satisfy the equahty 

g'f" - f'g" a'fg' + P'gf 



(17) 



We shall find all timelike rotational surfaces of Moore type with H = 0. 



Proposition 4.1. The timelike surface M.2 defined by f llSp has zero mean curvature if and 
only if the functions f{u) and g{u) satisfy 

J „ 9 -£'9 I 09 _9 ' g 



where A is a positive constant. 

Proof: Let M.2 has zero mean curvature. Calculating the functions v and in the Frenet- 
type derivative formulas ^ for this surface, we obtain: 

«W + W c^Kg'f-f'g) 



From the first and the third equalities of ([6]) it follows that 72 = - a: (ln(/U^ + v"^))- On 

the other hand we have 72 = —x {\n. VG^ . Hence, we get - X (ln(^2 ^ ^2^)^ + - X (In G) = 0, 
which implies that 

X + u^)G') = 0. 

Now, using that fi, z/, and G are functions depending only on the parameter u, we obtain 
(19) ifi' + u')G' = c\ 



where c is a constant. From f|T6l) . ( IT8l) . and ( |T9i) it follows that 

c^ng'f-f'g? + {o^'fg' + P'gf'? _ 2 
^ ^ g'^-f' 

Without loss of generality we can assume that g' — f = 1. Then fl2Ul) implies 
(21) «VV^ + /3Vf^- 



a2 + /32- 

We denote A = — — -. Now, using that g' = 1 + f , from ( l2Ti) we obtain 

q;2 + p"' 



y^^"^) -I ~ „,9f9 , o9„9' g 



If we assume that A = 0, then we get f'^ < which is a contradiction. So, A > 0. 

Conversely, if f{u) and g{u) are functions satisfying f l22|) . then by a direct computation 
it can be checked that ( I2T1) is fulfilled and equality ( !T7|) holds true. Hence, A^2 is a timelike 
surface with zero mean curvature. □ 
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Note that the constant A satisfies the inequahty A > cP'P, since /'^ > 0. 
Equahties ([22]) imply {A - a^P)g'^ = {A + /3V)/'^ i-e. 

/' g' 



Integrating the last equality we obtain 

df f dg 



e = ±1. 



^/A - a^P 



VA + Wg^' 



Calculating the integrals we get 

af a 



arcsm 



e— In 



Pg+V^'g' + A 



+ C, C = const. 



In such a way we find all timelike rotational surfaces of Moore type with H = 0. They 
are described in the following 

Theorem 4.2. The timelike rotational surface of Moore type has zero mean curvature if and 
only if the meridian curve is given by the formula 

/ = — sin In (3g + + a + c] , C = const, 

a \/3 J 



The timelike rotational surface of 



Indeed, if we denote ip 



ea 

T 



In 



Vloore type with H = gives us a solution to system 
I3g + a/ f3'^g'^ + A + C, then the meridian curve of 



the corresponding rotational surface A^2 is given by / 



— Simp, where A = — — . 

a + 

In such case the coefficients E and G of the first fundamental form of ^ — ~1) 

G = Asin^ ip + P'^g'^. The parameters (w, v) are not canonical, since 



2 I 2 



(AsinV + ^V)^ 

In terms of the parameters (w, the functions [i and v of M\ are expressed as follows: 

c^Pig'f-fg) .. a'fg' + (3'gf 



V = u{u) 



AsinV + /3V' AsinV + /3V' 

Let us consider the following change of the parameters: 

du 



u 



VTsinV-K^V 



Then 



E 



V = \fcv. 

1 



F = 0; 



G 



i.e. are canonical parameters of the surface Consequently, the functions /i 

fi{u(u)) and z/ = i/{u(u)) are solutions to system ([9]). 
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5. Conclusion 

In Section |3] we proved that any timelike surface with H = free of flat points is 
determined up to a motion in by two invariant functions /i and u satisfying a system of 
two partial differential equations, namely system 

Using equalities ([7]) and ([8]) we can express the geometric functions /i and u of a. 
minimal timelike surface in terms of the Gauss curvature K and the curvature of the normal 
connection x as follows: 



V X 

So equalities ([9]) can be rewritten as 

[K" + x2)i A'^ ln(K2 + x2)i = K; 

(23) 1 X 

[K'^ + x^)^ A'' arctan ^ = 2x. 

Then the fundamental theorem for timelike surfaces with zero mean curvature can be stated 
in terms of the Gauss curvature K and the curvature of the normal connection x as follows: 

Theorem 5.1. Let K{u,v) ^ and x{u,v) ^ be two smooth functions, defined in a 
domain V, P C M^, and satisfying the equalities 

{K^ + x2)3 A'^ \n{K^ + x2)i = K; 

{K^ + x^)^ A'' arctan ^ = 2x. 

K 

Then there exists a unique (up to a motion in M.^) timelike surface with zero mean curvature 
free of flat points such that K{u,v) and >i{u,v) are the Gauss curvature and the curvature 
of the normal connection, respectively, and {u, v) are the canonical parameters. 

If we set 

K = e^^ cos Y] X = e^^ sin Y, 
where X = X{u, v), Y = Y{u, v), then system (1251) takes the form 

A^X = 2e^ cosY: 

(24) 

A^ Y = 2e^ sin Y. 

The study of timelike surfaces with H = free of flat points is equivalent to the study 
of the solutions of system (^^. 

In Section m we proved that the geometric functions = iJ,{u(u)) and = z/(m(m)) of 
the timelike rotational surface ^ solution (/z, u) to system (Q. Hence, the functions 

K{u) = v'^iu) — iJi^iu) and x(w) = —2v{u)ii{u) give a solution (i^, x) to system (!23|l . Then 
we can find a solution (X, Y) to system (12^ . 

In [1] it is proved that the spacelike surfaces with = in Minkowski space are 
described by a system similar to (123|) : 

{K^ + x2)i Aln(ir2 + x2)i = 

(25) 1 X 

(K^ + x^)4 A arctan — = 2x, 
K 

where K and x are the Gauss curvature and the normal curvature, respectively. 
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Substituting K = e^^ cosy; x = e^^ sinF, system (|25|) takes the form 



(26) 



AX = 2e^ cosF; 
Ay = 2e^siny. 



Thus the study of spacehke surfaces with zero mean curvature free of flat points is equivalent 
to the study of solutions of system ( l26l) . 

The spacelike rotational surfaces of Moore type with two-dimensional meridians gen- 
erate a one-parameter family of solutions to system ( 126|1 similarly to the considerations in 
Section HI 

System ([T]) obtained by de Azevedo Tribuzy and Guadalupe [2] for minimal non- 
superconformal surfaces in the Euclidean space can be rewritten in the form: 



Substituting K = e^^ cosh y ; x = e'^^ sinh Y, system fl27|) takes the form 

AX = 2e^ cosh Y: 

(28) 

Ay = 2e^sinhy. 

The general rotational surfaces of Moore in Euclidean space with meridians lying 
in two-dimensional planes generate a one-parameter family of solutions to system fl28p . 

Hence, the background systems of partial differential equations for surfaces with zero 
mean curvature in and are systems (1281) . (!26|) . and (12^ . 
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